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Abstract. In this paper, a generalized–FEM technique is presented in modeling of arbitrary 
interfaces in large deformations. The method is used to model the internal interfaces and 
arbitrary geometries using a uniform non-conformal mesh. The technique is applied to capture 
independent deformations at both sides of separated element cut by the interface in a uniform 
regular mesh. In this approach, a uniform non-conformal mesh is decomposed into sub-
elements that conform to the internal interfaces. The geometry of interface is used to produce 
various triangular, quadrilateral and pentagonal elements at the intersection of interface with 
regular FE mesh, in which the extra degrees-of-freedom are defined along the interface. The 
level set method is employed to describe the material geometry on the background mesh. The 
technique is used to extrude any arbitrary geometry from an initial background mesh and 
model under different external effects. The most feature of the technique is to introduce the 
conformal decomposition finite element method, in which the new conforming elements are 
produced in the uniform structured mesh by decomposing the uniform mesh into elements that 
is conformed to the material interfaces. Finally, several numerical examples are analyzed to 




In computational mechanics, modeling the internal interfaces and arbitrary geometries 
using a non-conformal uniform mesh is of great importance. Adaptive mesh strategy and 
conforming mesh generation for preserving the mesh to the shape of geometry at various 
stages of solution may consume high expenses of capacity and time. Thus, it is necessary to 
perform an innovative procedure to alleviate these difficulties by allowing the internal 
interfaces and arbitrary geometries to be mesh-independent. In fact, an approach that avoids 
the remeshing is preferable not only in the cost of creating a new mesh, but the tremendous 
overhead associated with adapting post-processing techniques, such as time histories of 
specified points, to sequences of meshes in evolution problems. The major appeal of such 
technique for incorporating discontinuities in finite elements is that it does not require the 
mesh to conform to discontinuities in the approximation function, or its derivatives. 
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There are several approaches proposed by researchers over past few decades to model 
discontinuity problems based on the mesh-free methods [1–3], the moving mesh technique 
[4], the incorporation of a discontinuous mode on an element level [5] and etc. Among 
various techniques, the generalized finite element method (G-FEM) [6, 7] and the extended 
finite element method (X-FEM) [8, 9] have been successfully employed for the weak and 
strong discontinuities. The capability of X-FEM has been shown in various problems, 
including: fracture mechanics problems [10–14], large plastic deformations [15–17], and 
contact friction problems [18–20]. A technique was proposed by Ventura et al. [21] based on 
a local enrichment of FE space by closed form solutions for dislocations in infinite media via 
the local partition of unity. Fries and Belytschko [22] proposed a method for arbitrary 
discontinuities without additional unknowns. A technique was introduced by Gracie et al. [23] 
in modeling of multiple dislocations based on interior discontinuities. 
The X-FEM technique has been extensively employed to minimize the requirement of 
mesh generation in the problem with internal interfaces. In this method, the enrichment 
functions are defined to deal with the discontinuity of displacement inside the enriched 
element. In fact, the X-FEM method addresses the arbitrary interfaces without generating a 
boundary-fitted mesh by defining the extra degrees-of-freedom in the elements cut by the 
interfaces. Additional unknowns may be assigned to the mesh entities, such as: elements, 
nodes, or edges, by introducing additional equations for these unknowns based on the 
quadrature techniques for the resulting discontinuous interpolation [24, 25]. In this study, an 
alternative approach is presented, in which a uniform non-conformal mesh is decomposed into 
triangular, quadrilateral and pentagonal elements that conform to the internal interfaces and 
arbitrary geometries. The geometry of interface is used to define the extra degrees-of-freedom 
by adding nodal points that lie on the interfaces. The technique may be considered as a 
generalized finite element method introduced by Li et al. [26] using a Cartesian Grid with 
Added Nodes into the unstructured finite elements. In the FE based Cartesian Grid with 
Added Nodes method, the added nodes increase the size of the linear system of equations and 
significantly affect the structure of the matrix, which makes it undesirable compared to other 
generalized FEM techniques, such as Immersed FE methods. However, in the conformal 
decomposition finite element method proposed here, the new conforming elements are 
produced in the uniform structured mesh by decomposing the uniform mesh into elements 
that is conformed to the material interfaces. This method can be used for the multi-material 
problems, in which the mesh does not necessary to be conformed to the geometry of the 
materials. In order to describe the material geometry on the background mesh, the level set 
method is employed to represent the decomposition of non-conformal elements into the 
conformal sub-elements [27, 28]. The level set technique is used to extrude any arbitrary 
geometry from an initial background mesh and model under different external effects.  
The construction of conforming finite elements based on polygonal meshes was proposed 
by Sukumar and Tabarraei [27]. The method provides a great flexibility in mesh generation of 
solid mechanics problems, which involve a significant change in the domain of material. The 
trial and test functions of polygonal finite elements have been generally constructed based on 
the approximation functions of mesh-free methods and computational geometry. A particular 
and notable contribution is based on the mesh-free, or natural–neighbor, basis functions on a 
canonical element combined with an affine map to construct conforming approximations on 
convex polygons. This numerical formulation enables the construction of conforming 
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approximation on any polygons, and hence extends the potential applications of finite 
elements to convex polygons of arbitrary order [28]. The present study illustrates the 
presentation of the conformal decomposition finite element method in large deformations, in 
which the new conforming elements are generated in the uniform structured mesh by 
decomposing the uniform mesh into sub-elements that is conformed to the material interfaces. 
The plan of the paper is as follows; Section 2 is devoted to the concept of conforming 
polygonal finite elements. The implementation of conforming–FEM technique based on the 
polygonal elements is demonstrated in section 3. The procedure, in which the new conforming 
elements are produced in the uniform structured mesh by decomposing the uniform mesh into 
sub-elements, is described in this section. In section 4, several numerical examples are 
analyzed to demonstrate the efficiency of proposed technique in modeling arbitrary interfaces 
in large deformations. Finally, some concluding remarks are given in section 5. 
 
 
Figure 1. :A pentagon element; Element definition 
2 CONFORMING POLYGONAL FEM 
The construction of barycentric co-ordinates and the evaluation of shape functions on 
irregular polygons were originally proposed by Wachspress [29] based on the rational basis 
functions on polygonal elements. Wachspress [29] employed the principles of perspective 
geometry [30] to validate the nodal interpolation and linearity on the boundaries. Various 
aspects of the Wachspress basis function were presented in literature, including: the 
implementation in numerical analysis by Gout [31], the generalization to convex polytopes by 
Warren [32], the implementation to construct surface patches by Dahmen et al. [33], etc. The 
Wachspress basis function was employed into the finite element method by Dasgupta and 
Malsch [34, 35] to construct the shape functions for concave elements. Rashid and Gullett 
[36] proposed the technique to construct the shape functions for convex and non-convex 
elements using a constrained minimization procedure. The construction of conforming finite 
elements based on polygonal meshes was performed by Sukumar and Tabarraei [27].  
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Figure 2.  Decomposition of non-conformal elements cut by the interface into conformal sub-elements;  
Original nodal points,  New degrees-of-freedom along the interface 
(a)    (b)    (c)  
Figure 3. a) Definition of an interface in the uniform non-conformal mesh, b) Determination of standard 
elements and conformal sub-elements within the material zone, c) Elimination of elements not within the 
material zone 
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where ( ), ,A a b c  is the signed area of triangle [ , , ]a b c , and iγ  and iδ  are shown in Figure 
1. Since ( ) ( )cot cot sin sin sini i i i i iγ + δ ≡ γ + δ γ δ , the shape functions ( )wiϕ x  have non-
negative values and the polygon must be convex, i.e. i i πγ + δ < . The evaluation of the 
Wachspress basis function can be carried out using the elementary vector calculus operations, 
as demonstrated by Meyer et al. [37]. Considering the coordinates of the vertices of triangle 
( )1, ,i ip p p+  as ( )1 2,a a , ( )1 2,b b  and ( )1 2,x x , respectively, the value of cot iδ  can be 
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The value of cot iγ  and its derivatives can be computed in a similar manner. Finally, the 
Wachspress shape function ( )wiϕ x  can be obtained according to relation (1).  
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Figure 4: problem view for error analysis 
3 GENERALIZED FEM WITH POLYGONAL ELEMENTS 
In order to model arbitrary interfaces in a uniform mesh, the regular non-conformal mesh 
is decomposed into sub-elements that conform to the internal interfaces. In this approach, the 
concept of conformal decomposition finite element method is used to produce the conforming 
polygonal elements in the uniform structured mesh by decomposition of the uniform mesh 
into sub-elements that is conformed to the material interfaces. The geometry of interface is 
used to produce various polygonal elements at the intersection of interface, as shown in 
Figure 2, in which the extra degrees-of-freedom are defined along the interface. The position 
of material interface is determined according to the initial uniform mesh by using the level set 
method.  
The level set method is employed to describe the material interface by extruding arbitrary 
geometry from the initial background mesh. The technique is used to represent the geometry 
of interface on the structured, non-conformal mesh. The level set method performs the 
decomposition of non-conformal elements into conformal sub-elements by introducing the 
material interface based on the sign of level set function. The performance of this conformal 
decomposition affects the quality of conformal sub-elements. In general, the conformal 
decomposition must be robustly handled for unacceptable and degenerate cases. These 
situations can be occurred whenever the interface passes through a nodal point. In such case, a 
robust scheme is needed for handling nearly degenerate cases. If nearly degenerate elements 
are not addressed, the resulting matrix system may be numerically singular.  
A general procedure for handling the conformal decomposition can be performed by 
determination of the edges of non-conformal elements cut by the material interface. An edge 
is assumed to be cut by the interface if the level set values of two nodal points supported by 
the edge have different signs. The procedure to handle the nodal points with zero level set 
values, or nearly zero level set values is optional, but they must be handled consistently. For 
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the edge of element cut by the interface, new degrees-of-freedom are introduced at the edge of 
non-conformal element, as shown in Figure 2. The coordinates of this point can be obtained 
by linear interpolation on the edge of element. For an edge with nodal level set values of 1ϕ  
and 2ϕ , the coordinates of new point can be obtained as 
1 2 1( )i α= + −x x x x (5)
(a) (b) (c) (d) (e) (f) 
Figure 5: different mesh sizes used for error analysis 
 
Figure 6: Displacement relative error L2 norm versus Mesh size 
where 1x  and 2x  are the coordinates of new point and the value of α  is defined by a linear 
interpolation as 1 hα ϕ= ,with h  denoting the size of element. However, if α ε< , or 
1α ε> − , in which the parameter ε  is assumed to be 0.05, the new point is not generated. In 
this case, the interface passes through the nearest nodal point of the edge, and the level set 
value is set to zero at the nearest node. A detailed study of the sensitivity analysis to this 
decomposition parameter has not been performed here. However, it is obvious that a large 
value of parameter ε  may cause significant errors due to deficiency between the prescribed 
geometry and the decomposed geometry. In addition, a small value of parameter ε  results in 
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For the conformal sub-elements, the new point along the interface is added to the original 
vertex nodal points. Since the new point may be coincident with the vertex nodal points, 
different cases can be occurred for the conformal sub-elements.Various polygonal elements 
can be generated according to the position of interface in the regular uniform mesh, including 
the triangular, quadrilateral and pentagonal elements. If the interface passes through a nodal 
point, or nearest nodal point (α ε<  or 1α ε> − ), it results in the triangular–quadrilateral sub-
elements. If the interface cuts two edges of non-conformal element, the conformal 
decomposition results in two quadrilateral sub-elements, or the triangular–pentagonal sub-
elements. The conformal decomposition strategy of degenerate cases depends on the path of 
interface across the edge and nodal points of the element. The conformal decomposition may 
result in two triangular sub-elements with no new degrees-of-freedom. If the interface passes 
through the edge of an element, or nearest nodal points of the edge, there is no conformal 
decomposition and no new degrees-of-freedom. By defining the material interface in the 
uniform non-conformal mesh and performing the conformal decomposition to generate 
various polygonal sub-elements, the standard elements and conformal sub-elements within the 
material zone must be first determined; those elements or sub-elements which are not within 
the material zone must be then removed, as shown in Figure 3, and the generalized finite 
element model is finally analyzed under the external loading. 
 
 
Figure 7.  Pressing of an elastic ring; Problem definition 
3 NUMERICAL RESULTS 
In order to illustrate the accuracy and versatility of the generalized-FEM technique several 
numerical examples with curve interfaces are presented. The examples are solved using both 
the G-FEM and FEM techniques, and the results are compared. In order to perform a real 
comparison, the same number of elements are assumed for both the ‘coarse’ and ‘fine’ meshes 
independent of the shape of discontinuity to assess the accuracy of discretization. All 
numerical examples are modeled by a plain strain representation and the convergence 
tolerance is set to 1410− . 
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3.1 DISPLACEMENT RELATIVE ERROR L2 NORM ANALYSIS 
For determining accuracy of the method, we investigate the accuracy of the problem using 
error analysis of the method. We consider a simple problem as depicted in Figure 4. The 
problem is a general rectangular specimen with an inclined internal interface which have two 
different materials in each side of the interface. We constrained bottom edge of specimen and 
apply a uniform displacement on the top edge.for error analysis we use a dens standard FEM 
mesh as reference depicted in Figure 5a. For determining the sensitivity of the GFEM to mesh 
size we use 5 mesh with different sizes as depicted in Figure 5b to 5f. The result of 
displacement relative L2 error norm is depicted in figure 6, which shows the GFEM 
converges to FEM result by reducing the mesh size with a reasonable rate. 
          
                (a)                                       (b)                                        (c)                                       (d) 
Figure 8.  Pressing of an elastic ring; a) FEM mesh of 740 elements, b) FEM mesh of 264 elements, c) 
Generalized–FEM mesh of 1813 elements, d) Generalized–FEM mesh of 1000 elements 
             
              (a)                                        (b)                                           (c)                                         (d) 
Figure 9.  Deformed configurations at 1.4 cm; a) FEM mesh of 740 elements, b) FEM mesh of 264 elements, c) 
Generalized–FEM mesh of 1813 elements, d) Generalized–FEM mesh of 1000 elements 
3.2 PRESSING OF AN ELASTIC RING 
The last example refers to the pressing of an elastic ring, as shown in Figure 7. The ring is 
restrained at the right edge, and a uniform deformation of 1.48 cm is imposed at the left edge. 
1325
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The ring is assumed to be elastic with the Young modulus of 262.1 10 Kg cm×  and Poisson ratio 
of 0.35. Two conformal meshes of 740 and 264 quadrilateral elements are employed in the 
FEM analysis and two uniform non-conformal meshes of 1000 and 1813 quadrilateral 
elements in the G-FEM analysis, as shown in Figure 8. In G-FEM, the non-conformal grid is 
decomposed into sub-elements, in which the geometry of interface is used to produce various 
polygonal elements at the intersection of interface together with the extra degrees-of-freedom 
defined along the interface. As can be observed from Figures 8(c–d), the elements and sub-
elements that are not within the material zone are removed, and the G-FEM model is analyzed 
under the prescribed displacement. The deformed configurations of the G-FEM and FEM 
models are shown in Figure 9 at the deformation of 1.48 cm. In Figure 10, the distribution of 
normal stress xσ  contours are presented for both techniques at the final stages of pressing. A 
good agreement can be seen between the G-FEM and FEM approaches. Finally, a comparison 
of the reaction force versus vertical displacements is performed between the G-FEM and FEM 
in Figure 11. 
                
                           (a)                          (b)                            (c)                           (d) 
Figure 10.  The distribution of normal stress contours at 1.4 cm; a) FEM mesh of 740 elements, b) FEM mesh 
of 264 elements, c) Generalized–FEM mesh of 1813 elements, d) Generalized–FEM mesh of 1000 elements 
4 CONSLUSION 
In the present paper, a generalized–FEM technique was presented in modeling of arbitrary 
interfaces in large deformation problems. A technique was proposed by conformal 
decomposition of FEM, in which the new conforming sub-elements were generated in the 
uniform structured mesh that conform to the internal interfaces. The method was used to 
model the arbitrary geometries using a uniform non-conformal mesh. The geometry of 
interface was used to produce various triangular, quadrilateral and pentagonal elements at the 
intersection of interface with regular FE mesh, in which the extra degrees-of-freedom were 
defined along the interface. The level set method was employed to describe the material 
geometry on the background mesh by extruding arbitrary geometry from an initial 
background mesh. By defining the material interface in the non-conformal mesh and 
performing the conformal decomposition to generate various polygonal sub-elements, the 
standard elements and conformal sub-elements within the material zone were determined, and 
1326
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those elements or sub-elements which are not within the material zone were removed. Finally, 
the proposed generalized FE model was performed to demonstrate the efficiency of technique 
in modeling of arbitrary interfaces in large deformations by several numerical examples. 
Numerical simulations of problems with rewrelatively complex geometry were presented. The 
examples were solved using both the G-FEM and FEM techniques and the results were 
compared. The numerical results clearly demonstrate the capability of proposed technique in 
modeling large elastic deformations with multiple material interfaces. 
 
Figure 11.  The variations of reaction force with horizontal displacement; A comparison between the FEM and 
generalized–FEM techniques 
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